We develop a formalism to describe the equilibrium distributions for segments of confined branched networks consisting of stiff filaments. This is applicable to certain situations of cytoskeleton in cells, such as for example actin filaments with branching due to the Arp2/3 complex. We develop a grand ensemble formalism that enables the computation of segment density and polarisation profiles within the confines of the cell. This is expressed in terms of the solution to nonlinear integral equations for auxiliary functions. We find three specific classes of behaviour depending on filament length, degree of branching and the ratio of persistence length to the dimensions of the geometry. Our method allows a numerical approach for semi-flexible filaments that are networked.
I. INTRODUCTION
Actin filaments forming part of the cytoskeleton of a cell can form branched structures via the Arp2/3 protein complex [1] . This complex nucleates the growth of actin filament daughter branches at an approximate angle of 70
• to the predecessor filament [2, 3] . Such branched networks are confined within the cell membrane or by a rigid cell wall in plant cells, which is thought to strongly influence the spatial organization of these actin networks inside the cell [4] . The abundant actin in cells [5] [6] [7] [8] [9] contributes to various processes, including shape remodelling, cell polarity, cell motility or migration or cell crawling for wound healing, cell contractility and division for tissues growth and renewal or regeneration, adhesion, transport and cell mechanosensing [6, 8, [10] [11] [12] [13] . These functions are dependent on correct structure, orientation, and spatial organization of the actin [14] [15] [16] [17] [18] .
Actin filaments and microtubules are semi-flexible polymers of which both the persistence lengths and the degrees of polymerization can be similar to the dimensions of the cell within which they are confined [19] . The persistence length of single unconfined actin filaments ranges from 8 to 25 µm and for microtubule is about 5.2 mm [19] [20] [21] [22] , while eukaryotic cells can occur in sizes from 10 to 50 µm in animals and up to 100µm in plants [23] . Because actin networks are much denser at the cell periphery, the cell size is strongly correlated to cytoskeletal network spatial and orientational organization, and conformations [14, 15, 24] .
Theoretical and computer simulation studies of single, linear semi-flexible polymers inside spheres [25] [26] [27] [28] show that the mechanical and dynamic properties of the semiflexible polymers are strongly dependent on both the degree of confinement and the filament persistence length p . (Such insights also help to understand the packaging of very long DNA in bacteriophage capsids [25, 29, 30] .) Alvarado et al. [14] and Silva et al. [31] have studied the alignment of bundles of semi-flexible filaments inside rectangular chambers with sizes of order of µm. They report that spatial confinement has a great impact on the conformational organization and alignment of actin filaments. This kind of behaviour is also observed for composites of microtubules under confinement [32] . Azari et al. [33] have also investigated the properties of a mixture of linear polymer chains with stiff segments of different lengths and stiffness in a spherical confining region, using molecular dynamics simulations. In strong confinement, competition in the filament system leads to segregation of chains as the confining volume is decreased.
Here we introduce a theoretical tool with which we can study confined and tree-like branching networks of filaments in equilibrium, suitable for in vitro systems and time scales when the many highly out-of-equilibrium cytoskeletal processes in living cells are not applicable. The quantitative theoretical model permits a treatment of the inhomogeneous networks of semi-flexible filaments that emerge in non-infinite regions, which remains challenging to deal with in conventional polymer network theories. We model both the linear and branching networks confined in a spherical domain, where the persistence length p , the contour length L, and the sphere diameter D are all of the same order of magnitude. We compare the structural properties of the two types of system. We build upon a formalism for the study of semi-flexible linear polymers confined to a certain region in space from the grand canonical ensemble developed some time ago [33] [34] [35] by extending it to branching actin networks. This accounts for filaments with variable lengths and a network where branches can be pruned and regrow. A generalisation of the monomer ensemble technique [36] is particularly suited to computational work, leading to density profiles of branching points, and the distribution of filaments orientations which we call the order parameter field in dependence of the proximity to cell boundaries.
We introduce the grand canonical formalism in Section II and derive the expressions for the density distributions, the degree of polymerization and the radial order parameter fields for the networks of filament segments. The density functions are expressed in terms of functions that are solutions to a set of non-linear integral equations. We solve these integral equations self-consistently using a recursive numerical scheme. Chemical potentials arXiv:1810.10867v1 [cond-mat.soft] 25 Oct 2018 for linear filament growth and for branching can be varied. Numerical results, presented in Section III, around values where length scales of persistence length, filament degree of polymerization and confining region diameter are more-or-less equivalent, allows a classification of the network behaviour in terms of the local density and order profiles.
II. THE GRAND PARTITION FUNCTION OF THE CONFINED NETWORK
We calculate the partition function for filament segments that are connected linearly and with branches in a grand ensemble. The resulting equilibrium spatial and orientational distributions of segments can be derived from the solution of integral equations. These allow numerical solutions to be calculated iteratively on appropriate lattices.
For linear chains this has already been done in a similar manner in Refs. [34] [35] [36] . We start by summarising the formalism for linear chains in Sec. II A in a suitable formalism that we then extended to branching networks in Sec. II B.
Our networks consist of two types of building blocks:
filament segments and junctions that join segments either linearly or as branches. A filament segment has a specific sense of direction. It starts at a position r 1 , with direction unit vectorn 1 , and runs to its other end at position r 1 where the orientation unit vector isn 1 . Since the filament is polarised, we adopt the convention thatn 1 points away from r 1 , and towards the second end point forn 1 . The second building blocks are the connections between the filaments, either connecting them linearly, or as a branching points. The second elements will include a Boltzmann weight to describe a bending energy for the joint, as well as a means of spatially matching the start of one segment to the end of another, etc.
A. Linear chains in segment ensemble
We define the statistical weight of a segment of a single oriented filament by G(r 1 ,n 1 ; r 1 ,n 1 ) = G(Γ 1 ), where the filament is polarised alongs its contour. The order of the end-points in G therefore matters. Similarly, the fugacity of the filament segment is given by z(r 1 ,n 1 ; r 1 ,n 1 ) = z(Γ 1 ), which depends on all the coordinates summarised by Γ 1 .
In a linear chain consecutive filament segments are joined head to tail and an additional Boltzmann weight w(r 1 ,n 1 ; r 1n2 ) is required to address the bending energy at each of the joints between the end of the first and the start of the next filament segment. We require the end of one segment and the starting position of the other to be at the same place, so that
where w 0 is simply a Boltzmann weight associated with the energy penalty for bending the bond. The grand canonical partition function for the ensemble of filaments joined into a linear chain is then the sum over all filament segment degrees of freedom and numbers of filaments making up a chain.
We have introduced slightly more compact notation to represent the integration and arguments of z and G.
Although by no means necessary, it is practical to introduce filaments of fixed length that are straight and rigid, which means that bends occur only at junctions between segments. This choice means that
as a simplified fugacity. This form shall practical to implement on a lattice where the spacing of bonds corresponds to and the possible direction unit vectors are finite. The spatial confinement of the linear (and also branched) structures is implemented via the segment fugacity:
where L represents the permitted spatial region which the filament segments may occupy. We note that z and z refer to the fugacity for the same filament, but as expressed in terms of its orientation and position of the start and end points, respectively. The density of filament segments f starting at position r with orientationn is then calculated in the usual way from the grand partition function as
It is the object of this paper to compute and interpret this quantity for the linear and a branched chains in certain confined situations. The partition function and the distribution f can be computed for both linear and branched networks in terms of auxiliary functions that are the solutions to integral equations.
Auxiliary functions for linear chains in a grand ensemble
For the linear chain we define two functions
They are simply related to the partition function in eq. (2.2) by an additional integration step
Moreover in Appendix A we show that the density distribution can be calculated as
with w 0 as defined in eq. (2.1).
Diagrammatic representations
Equations (2.6) can be written as integral equations for ψ (lin) and ψ (lin) , which allows them to be determined numerically by iterative methods. This is clearly seen when we introduce a diagrammatic representation. We denote the filament segment weight by a directed line segment and appropriate labels:
Integration over all the applicable degrees of freedom at an end is indicated by a filled circle as in
where z below a line indicates appropriate inclusion in the integral of the fugacity function, and the w above a filled circle indicates the Boltzmann weight associated with bending at a junction. Representing ψ diagrammatically via the diagram , eq. (2.6a) is represented diagrammatically as
Eq. (2.12b) can be seen to be equivalent to eq. (2.12a) by substituting the LHS into the RHS of the equation recursively, which leads to the infinite sum of the original definition.
B. Branching networks in the filament ensemble
The main idea of our calculation is to compute the grand partition function Z of the system from which one can then obtain the density of filaments and grafts. The grand partition function for a combination of linear bonds and branching junctions has a functional dependence on two fugacities: one for the linear growth of filaments through z(r,n), as in the preceding section, and the other through a fugacity ζ(r,n 1 ,n 2 ) for a filament grafted in the direction n 2 from the main filament directionn 1 at the position r. In the same way as w 0 represents the Boltzmann weight for the bend at the linear junction ξ(n 1 ,n 2 ,n 3 ) represents the Boltzmann weight associated with relative angles the segments make with respect to each other when entering the point where branching occurs.
The grand partition function is the the sum over all possible networks and all conformations of such networks, with appropriate Boltzmann factors and fugacities for linear filaments and branching. It may be expressed diagrammatically as
As previously, we define a function ψ(r,n) (and its counterpart ψ) such that
14)
The function ψ may be expressed diagrammatically, where indicates that integration over the variables {r,n} does not occur,
As is familiar from various treatments of tree-like networks, ψ can be written recursively
The diagram reresents a nonlinear integral equation, whose solution can then be directly inserted into eq. (2.14). The function ψ(r,n) represents the sum of all possible trees with the stem or trunk at r in the directionn. It is also possible to construct all possible trees from an outer leaf, rather than from the trunk, leading to the definition of ψ(r,n) in terms of the diagrammatic representation
We can now also compute density distributions for filament segment and branching points:
III. DENSITY DISTRIBUTION AND ORIENTATIONAL ORDER FIELD PROFILES
We modelled the confinement of various type of two dimensional (2d) and three dimensional (3d) semi-flexible (or stiff) linear chains and branched filament networks in a completely rigid sphere (spherical cell with rigid membrane or wall ) [27] . We neglect the possibility that the stiff networks may deform the confining membranes [37] . Analytical derivation of the the local density distributions using the grand partition function (eq. (2.14)) led us to the expression in the equations (2.16) and (2.17) which are function of functional ψ andψ. We solve these integral equations numerically in a self-consistent manner (see Appendix C for the numerical method). We compute the grand canonical partition function and then the density distributions (the average density of linear chain segments, the density of segments involved in branching and the total average density of filaments segments in the confining region) of the system, as well as measures of the order and alignment of the filaments. We express the total density as a function of the filament bond positions as:
where (r r r,n n n) is the probability or a density of finding a polymer segment at a position r r r and orientationn n n inside the confining region. The density (r r r,n n n) is given by:
(r r r,n n n) = f (r r r,n n n) + dn
2) Since we implement our numerical work on a lattice, we continue summing over both sites and directions rather than integration dn 2 . . . → n . . . For our numerical calculations, we consider a 2d triangular lattice for the growth of 2d branching networks and 3d triangular lattice for the 3d branching networks. On these lattices, we define the spherical confining cells with diameters D comparable to the persistence length of actin filaments. The typical persistence length of unconfined actin filament is ( p ∼ 17.7µm) [19] . We define the confining region such that the ratio p /D ∼ 1.2 (stiff networks). We express the persistence length of a filament in term of its bending stiffness (see Appendix D). The polymer chains are allowed to form only inside the confining region with the constraints expressed via eqs. (2.4). The chain segments occupy the bonds (of length = 1) of the lattice that are within the confining region otherwise the lattice bonds stay unoccupied. The effective locally oriented linear chain bonds form more readily with the increasing of the fugacity z 0 while branching is controlled via the fugacity ζ 0 at 60
• angle on triangular lattices and as ζ 0 increases the network becomes more and more branched. The geometries of the confining regions in our model are also are controlled by the two fugacities z 0 and ζ 0 which include eqs. (2.4). The choice of triangular lattices means bonds are multiples of 60
• which is close to the typically observed 70
• for Arp2/3-controlled branching.
The mean number of bonds or degree of polymerization N of filament segments of a network inside the confining domain is given by N = r r r (r r r).
Therefore the variation of z 0 and ζ 0 allows us to obtain different type of confined networks and the numerical results show distinct differences between the spatial density distribution of filament segment profiles of these networks.
Imaging of actin cytoskeletal networks inside living cells using electron and fluorescence microscopy has shown highly ordered dense structure in the vicinity of the cell membrane [14, 15, 24, [38] [39] [40] . Indeed many studies have been conducted to investigate the origin of the ordering of these networks. Starting from the study of behaviour and conformations of single semi-flexible filament such as actin and DNA under confinement [25, 26, 37, [41] [42] [43] , theoretical studies and coarse-grained computer simulations of semi-flexible cytoskeletal filaments shows that confinement of networks of semi-flexible polymer can induce formation of orientational ordered structure similar to that observed in molecules of liquid crystalline phase [27, 44] . But, to our knowledge, there is no quantitative model that explores the structural spatial organization and ordering of branching actin networks under cellular confinement in thermodynamic equilibrium. Here we also investigate how does confinement affect the alignment of cytoskeletal actin filament networks as their structure and architecture changes from short, long linear filaments composites to highly branched networks. Although living cells are hardly in equilibrium, we argue that this approach is a sensible first step, that also provides a tool to deal with theoretically challenging finite and confined networks that do not consist of Gaussian chains.
The radial order parameter field Q(r r r) is defined as:
for 3d networks whereû u u is the radial unit vector defined by the positions of the bonds of the filaments in the confining region byû u u = r r r/|r r r|, with the origin of the coordinate system at the center of the spherical region. For 2d networks, Q(r r r) is defined as:
2 ) (r r r,n n n (3.5)
For the local radial order field distribution equal to zero, we have a perfectly isotropic distribution of network segments at that point inside the confining region. A positive radial order parameter field value corresponds to alignment of the filaments parallel to the confining cell membrane or wall whereas negative radial order parameter field means that the filaments are perpendicular or are pointing straight to the cell membrane. The profile of the order parameter fields give us the information about the alignment of the filaments of the networks relatively to the cell membrane.
The density profiles and the order field profile obtained for the networks modelled in 2d are similar to those modelled in 3d. Depending on the structure and topology of the networks, the confining membrane or wall can have a weak or strong confinement effects on the networks organization. We see from our model that the networks of long linear actin filaments are affected by the strong confinement leading to their bending, while the networks of short filaments are weakly influenced by the effect of confinement [26, 31, 33, 41, 42, 45, 46] . The branched networks, though subjected to a strong confinement, exhibit a high resistance to the effect of confinement. 001. The density profile shows a convex-shaped distribution of the network segments inside the confining sphere. The order profile is positive near the cell edges and zero in the middle of the sphere meaning that filaments that are close to the cell membrane are aligned parallel to it, while they are isotropically distributed near the center of the spherical cell. The inset is a cartoon to illustrate the type of the networks for which the this density profile is obtained.
A. Confined actin networks dominated by short filaments ( N < D)
In our model, we obtain branching actin networks (2d and 3d) dominated by short actin filaments for ζ 0 close to zero and small value of z 0 satisfying the validity domain equation (B2) such that (1 − z 0 ) 2 > 4ζ 0 ∼ 0. We modelled the 2d networks on a the triangular lattice and the 3d networks on a 3d triangular lattice. The structures and properties of the two networks are similar. Their density profiles through the middle of the spherical cell (see Figure 1 concave-shaped density distribution (high near the periphery of the cell and low near the center of the sphere) of the filaments or filament segments inside the confining region. The order parameter is positive near the egde of the cell and zero in the middle. This means that the filaments of the network at the cell edges wrap around within the cell and align parallel to it, while those close to the center are isotropically distributed. The inset is a cartoon to illustrate the type of the networks for which the this density profile is obtained.
of the filament segments inside the confining domain with a plateau near the center. This indicates that filaments are concentrated more towards the centers of the sphere. We explain this by the fact that semi-flexible polymers or actin filaments shorter than the confining region size (here the sphere with diameter D compares to the degree of polyemrization N < D) are weakly influenced by the effects of the confinement and they are free to move toward the center of the sphere to seek more available volume to orient and translate comfortably and thus max- 06. The density profile shows an inhomogeneous concave-shaped density distributions (high at the cell periphery and low near the center of the sphere) of the filaments or filament segments inside the confining region. We obtain a negative order parameter field and this indicates a perpendicular alignment of filaments to the cell membrane or to the cell wall. The inset is a cartoon representing the spherical geometry confining the network of actin filaments in red on the graph and it is there to illustrate the type of the networks for which the this density profile is obtained.
imize their number of accessible conformations. These predictions have been also made in the study of semiflexible polymer confined in finite regions or between walls [26, 44, 47, 48] . The order parameter field profiles in Figures 1(b) and Figure 4 (b) for respectively 2d and 3d networks are positive and non 0 near the spherical cell wall or membrane while 0 close to the center of the spherical cell. This shows that the short filaments close to the cell membrane or wall have preference of aligning parallel to the cell wall while the filaments close to the center of the middle of the sphere meaning that filaments that are close to the cell membrane are aligned parallel to it, while isotropically distributed near the center of the spherical cell. The inset is a cartoon representing the spherical geometry confining the network of actin filaments in red on the graph and it is there to illustrate the type of the networks for which the this density profile is obtained.
the confining domain is isotropically distributed. The density profile shows an inhomogeneous concave-like shape density profile with a high segment number at the cell periphery and low near the center of the spherical cell. The order parameter is positive near the egde of the cell and zero in the middle. This means that the filaments of the networks that are at the cell periphery align parallel to the cell membrane while those close to the center are isotropically distributed.
The inset is a cartoon representing the spherical geometry confining the network of actin filaments in red on the graph and it is there to illustrate the type of the networks for which the this density profile is obtained.
0).
We plot the profiles of the networks segment density profiles through the middle of the sphere, see Figure 2 (a) for 2d networks and Figure 5 (a) for 3d networks. These profiles show a low concentration of filaments near the center of the sphere while a high concentration is observed close to the edge of the sphere and we qualify this as an heterogeneous concave-shaped density distribution of the filaments or filament segments inside the confining region. We obtain a negative order parameter field and this indicates a perpendicular alignment of filaments to the cell membrane or to the cell wall. The inset is a cartoon representing the spherical geometry confining the network of actin filaments in red on the graph and it is there to illustrate the type of the networks for which the this density profile is obtained.
of filament segments of the formed actin networks.
Previous studies predicted that when long linear semiflexible polymer filaments are confined in finite geometry with size smaller than their persistence lengths or smaller than their unconfined sizes, they are strongly affected by the presence of the confining membrane. This reduces their available configurations and they bend and occupy the periphery of the confining cell membrane. The density profiles we obtain suggest the same behaviour of the branching actin networks dominated by long linear filaments. So, as the filaments of the networks grow and become longer than the diameter of the sphere, filaments are subjected to strong confinement effect and they wrap around the spherical cell in order to minimize the free energy of the system [33, 46, [48] [49] [50] [51] . The order field profiles of these networks through the middle of the sphere (see Figure 2 (b) for 2d networks and Figure 5 (b) for 3d networks) that we have obtained confirm these predictions. For these graphs of the order field its value is greater than zero near the cell membrane while it is close to zero-valued in the middle, indicating that filaments are bent and aligned parallel to the cell membrane while isotropically distributed near the center of the sphere.
C. Confined branched (actin) Networks
We obtain branched networks when we increase both z and ζ 0 with significant increasing of the branching strength ζ 0 such that (1 − z 0 ) 2 4ζ 0 . A concave-shaped density profile of the network is obtained as we increase ζ 0 . A high number density of branched filaments or filament segments is obtained at the cell periphery while lower near the center of the cell (inhomogeneous density distribution, as in Figures 3(a) or 6(a) . We observe that the branched networks are subjected to strong confinement effect leading to the inhomogeneous distributions of the networks segments.
The order parameter field profiles through the center of the sphere of the branched networks are negative on average; see Figure 3 (b) for 2d networks and Figure 6 (b) for 3d networks. This means that most of the filaments of the branched networks align perpendicularly (pointing radially straight) to the cell wall. We expect that this is due to the increasing of branching of filaments which makes the network highly stiff and difficult to bend. In fact, some authors have predicted that the increasing of the actin branch nucleation via the Arp2/3 protein complex increases the stiffness of actin networks [4, 17, 24] . The effect of rigid strong confinement on branched actin networks is thus cancelled by the stiffness induced by the branching via Arp2/3 protein complex.
With some extensions of our model, one will be able to elucidate our understanding of lamellipodia or filopodia formation inside eukaryotic cells [2, 52, 53] . One can surmise that the stiffness of of branched actin filament network allows it to resist to the effect of confinement that the cell membrane introduce and leads to the protrusion of the membrane if the latter is semi-flexible [37] .
D. Types of behaviour
We have have classified the differents networks that we form in our model in types of phase diagrams (ζ 0 , z 0 ) given in Figure 7 and Figure 8 for 2d and 3d networks, respectively, according to their structure and their properties.
• Table I .
We have computed the densities and the order parameters fields for many points (ζ 0 , z 0 ) that satisfy the domain of validity condition of our model given by the equation (B2). The profiles of these densities and order fields allowed us to divide the validity domain into three distinct zones which corresponds to the three different types of networks we presented in the above. The yellow dots zone on the phase diagram corresponds to points (ζ 0 , z 0 ) for which networks dominated by short linear filaments are formed. They are are more concentrated near the center of the confining cell, weakly influenced by the confiment effect with parallel alignment to the cell wall or membrane preference. The properties of the networks that are represented in the black triangle domain are those of the branching actin networks dominated by long linear actin filaments with few branching. The average den- Table I for clarifications of the different regions.
Curvature at center av. order parameter sity profiles of their segments show that filaments or segments of these networks are inhomogeneously distributed inside the confining region. They have a positive order parameter suggesting that the filaments are aligned parallel to the cell wall. The points (ζ 0 , z 0 ) in the red squares zone on the phase diagram satisfy (1 − z 0 ) 2 4ζ 0 . This zone corresponds to confined branched networks which segment density profiles show an inhomogeneous distribution of filament segments with negative order parameter fields meaning that the filaments of the networks are aligned perpendicular to the cell wall.
In the region of points (ζ 0 , z 0 ) for which we obtain the networks with comparable length scales (i.e.. N ∼ D ∼ p ) (see the density and order profiles of these networks on Figure 9 where some of the filaments start bending while others are radial, i.e.. perpendicularly to the confining cell wall or membrane) are used to draw the lines separating the domains of the three types of networks. of segments of a network in which the length of the filaments are equal to the seize of the confining region ( N ∼ D ∼ p ). We plot this density profile for ζ 0 = 0.001 and z 0 = 0.69. The small dip in the middle of the density profile suggess a decrease of segment density distribution in the center of the sphere. The inset is a cartoon representing the spherical geometry confining the network of actin filaments in red on the graph and it is there to illustrate the type of the networks for which the this density profile is obtained.
IV. CONCLUSION
In this work, we have extended the monomer ensemble formalism [33] [34] [35] to investigate some of the structural and physical properties of branching actin cytoskeletal networks in spherical rigid confining regions. The wall, or confinement was treated purely as such, without any additional interactions. Our calculations in thermodynamic equilibrium neglected the excluded volume effect between actin monomers, the interactions between chains and those between chains and the cell membrane or wall, but the inclusion of these interactions is certainly possible in the formalism. By varying the fugacity z 0 associated to the degree of polymerization of a filament, the fugacity ζ 0 associated to the degree of branching, and the ratio of the persistence length and the confining regions diameter, we have identified three distinct types of branching actin networks by their computed density and order parameter field profiles.
When (statistically) short filaments ( N < D) are formed these are weakly affected by the spherical confinement. This is observed in the profiles of the average densities which shows relatively flat spatial distribution of filament segments. In contrast the average density distribution of networks dominated by long linear filaments ( N > D) has a spatial organization with a higher density of filaments in the periphery of the cell than in its center. This shows that the latter type of networks are under strong confinement and the filaments align parallel to the cell wall in order to minimize the free energy of the system [33, 41, 42, 44, 45] . We have obtained also branched networks which are under a strong-resistant regime. In fact, though the network is strongly confined, the filaments near walls are perpendicular to the walls.
Looking at the density and orders profiles and by comparing the size of confining region and the persistence length to the contour length we classify the actin cytoskeletal networks inside confining spherical geometry according to their structure, their behaviour and properties in a phase diagram where there is no discontinuity numerically observable in the free energy of the system. Crossing the solid black line in these figures (cf. 7 and 8) is, however, defined by a definite change of sign of the density curvature in the center of the cell. Since the cells are not homogeneous with order parameter varying along the radius, and the cell is finite, this is not a classical phase transition, but more like a cross-over between regimes of fundamentally different occupation of filaments inside the cell.
The model we have developed can be reproduced for cells with various geometries and can be tested experimentally. Fluorescent imaging of cells is able to inform one about filament density and it is also possible to gain orientational data (Tsugawa et al. [32] showed this for microtubules).
This study, though it is a strongly simplified picture of a real cytoskeleton, can contribute to understand how branching cytoskeletal networks of filaments self-organize and align under the effect of confinement that the cell membrane introduce. The knowledge of how the structures of these networks relate to their physical properties and conformations is relevant for manufacturing of artificial living cells [54] with different structures and geometries. This could be a step forward in searching solutions to cure some of the cellular diseases such as cancer. With n d the number of discrete direction components per site, and N the macroscopically large number of lattice sites, this leads to an expression for the density of filaments in unconfined conditions:
For actual junctions we have
In the limit N → ∞ this leads to the number of filaments and branching junctions as
Appendix C: Computation technique
We describe the numerical method for modeling linear and branched filament networks under confinement. The computation consists of solving iteratively the nonlinear integral equation (2.16) for the quantity ψ(r r r,n n n) together with the eq. (2.17) for ψ(r r r,n n n).
We do this in three and two dimensions. Generally plant cells have a very large vacuole which occupies most of the interior space of the cell and only a very small thin area is occupied by the cytoskeleton leading to the two dimensional shape of the cytoskeleton [23] , while the animal cells cytoskeleton present a 3d shape [55] . To obtain a two (2d) and a three dimensional (3d) confining regions or shape of the cytoskeletal networks and to ensure that filament branching angle is in the range of experimental observation, we need a discrete monomer system in order to solve the non linear integral equation. We choose to do the numerical implementations on 2d triangular lattice to obtain the 2d networks and on 3d triangular lattice for 3d cytoskeletal networks. Consider a 2d triangular lattice model of N × N sites.This lattice has the coordination number six, each site of the lattice forms 6 possible bonds with their nearest-neighbor. Fig. 10 shows one realisation of a breacning network within a confined region on the triangular lattice. A monomer starting at a site, cab point in the directions along the six adjoining bonds, given by the fugacity z, that includes z ) , as well as the constraint (cf/ eq.(2.4). More importantly, the 2d triangular lattice allows branching of filaments at multiples of 60
• angles which is in the range of the angles of branching via Arp2/3 protein complex inside the real living cells with optimal branching at 70
• [3, 56] . The nearest neighbor are reached on the lattice using the basis unit vectors and the integer indices of the lattice points. In a 2d triangular lattice with unit bond length, the lattice indices of the nearest neighbors to point
2 ). This can be implemented in different ways, e.g.
where X, Y ∈ Z. or by considering alternating rows We also consider the 3d triangular lattice with N × N × N sites. Each lattice point has 12 nearest-neighbors, a high coordination number which allows to maximize the approximation of a 3d space. The network segment lie along the bonds meaning each monomer has thus 12 possible directions. The 3d triangular lattice consists of layers of square lattices in parallel planes and is formed by a closest cubic packing of spheres [57] . To obtain a 3d triangular lattice, besides the two primary unit vectorsx andŷ specifying the x and y axes of each square lattice, a primary axis along a unit vectorẑ is added. This lies at an angle of 2π/3 from both x and y. The distance between two adjacent planes is √ 2/2. The planes support two consecutive layers of square lattices. We have the same distance between all nearest neighbors and, besides the fact that this 3d lattice gives good approximation of the 3d shape, it also allows us to mimic the branching of actin filaments at 60
• angle fairly closely to the real shape.
The twelve unit vectors are
Each lattice point position P on the lattice is represented by its integer coordinates (X, Y, Z) where X, Y, Z ∈ Z and the integer coordinates of the nearest neighbors of P are:
The corresponding Cartesian position vector of P from the origin of the lattice O is given by
c. Description and Algorithm
Under the two chemical potential fields z and ζ (z associated to actin monomers and responsible for filaments elongation and ζ associated to Arp2/3 protein and responsible for branching), each monomer occupies the lattice bonds with size the unit length of the lattice. Bonds are oriented according to the preceding descriptions. We show an example of network configuration in Figure 10 . Our networks are polarised. For example, the bond from site P to site P 1 is counted differently from the interaction from site P 1 to site P . We define a confining region L that has a diameter D. The persistence length p (via w) is chosen to be of the same order as D. The additional length scale that will play a role is N for the degree of polymerisation, which is largely determined by the fugacities.
The fugacities z(r r r,n n n) and ζ(r r r,n n n 1 ,n n n 2 ) are associated to filament elongation and branching controls, respectively, within the spherical region boundary limit. Explicitly the boundary conditions enter as follows z(r r r,n n n) = z 0 × 1, if r r r ∈ L and r r r +n n n ∈ L 0, otherwise (C6) ζ(r r r,n n n 1 ,n n n 2 ) = ζ 0 ×
1, if r r r ∈ L and r r r +n n n 1 ∈ L and r r r +n n n 2 ∈ L 0, otherwise (C7) So we check if r r r − r r r c and r r r +n n n − r r r c are positions inside the sphere then the fugacities are different of 0. r r r c is the position of the center of the sphere.
We now can solve the non-linear integral/sum equations 2.15 and 2.17 iteratively. We start with initial guesses ψ 0 andψ 0 on the lattice, that are inserted into weighted versions of the right-hand sides of equations (2.16) and (2.17) repeatedly until the answers converge.
Either we have zero occupancy, i.e. there is no filament along a bond, and then ψ(r r r,n n n) andψ(r r r,n n n) are set to 1, or bonds are formed and then ψ(r r r,n n n) andψ(r r r,n n n) are locally calculated. ψ is computed at each position r r r and orientationn n n. The filaments can grow from any monomer point of the lattice as long as this monomer is inside the confining region. So a monomer at position r r r connects with a monomers at position r r r 1 = r r r + n n n where = 1 is the lattice unit length chosen to be 1. The unit vectorn n n is one of the 6 (2d triangular lattice),12 (3d triangular lattice) or 14 (cubic-plus-diagonal lattice) possible directions. The monomer at positions r r r 1 branches with two neighbors respectively at positions r r r 2 and r r r 3 on the lattice and form a tree-like filament or as junction as follow:
→ r r r 1 r r r 2 = r r r 1 +n n n 1 r r r 3 = r r r 1 +n n n 2 .
A new ψ at starting at r r r and with directionn n n is then computed iteratively. For example, the first iteration gives ψ(r r r,n n n) = 1 + n n n1 w 0 (n n n,n n n 1 )z(r r r,n n n 1 )ψ 0 (r r r 1 ,n n n 1 ) + n n n1 n n n2 ξ(n n n,n n n 1 ,n n n 2 )ζ(r r r,n n n 1 ,n n n 2 )ψ 0 (r r r 2 ,n n n 1 )ψ 0 (r r r 3 ,n n n 2 ).
This is repeated until the desired convergences is reached. The computation ofψ(r r r,n n n) is similar to the computation of ψ(r r r,n n n) with a minor difference r r r → r r r 1 = r r r −n n n (C10) → r r r 1 r r r 2 = r r r 1 +n n n 1 r r r 3 = r r r 1 −n n n 2 .
After convergence we compute the grand partition function, the spatial density distributions and the nematic order field for different type of networks, typed according to their stiffness and their structures, since these all depend on ψ and ψ.
Since the chains exist on a lattice with bonds connecting only nearest neighbors, the semi-flexible chain can be mapped onto a Potts model. We need to determine the persistence length p of the actin filaments as function the filament energy bending modulus , which we compare with dimension or size of the confining region. In our original model this is encoded in the Boltzmann weight w.
The persistence length scale is given by the exponential decay of the tangent-tangent correlation function of a stiff walk, cf. Fig. 11 . We need first to calculate thê correlation t t t i · t t t N +i . For that we need to define the Hamiltonian of the system, for an arbitrary monomer i and another monomer i + N , considering only the stiffness (and not the confinement). The Boltzmann weight associated to the bending energy between adjacent bonds is w(i, i + 1) = t t t i |T |t t t i+1 where t t t i are tangent vectors describing all possible orientations of the bonds of the chain on a defined lattice, expressed in a suitable basis for the transfer matrix T . To calculate t t t a · t t t N +a we define the partition function Z of the full polymer chain of M = a + b + N monomers and it is given by:
and the correlation quantity between the tangent vector t t t a and t t t N +a is t t t a · t t t N +a = 1 Z t t ti t t t a · t t t N +a
w(i, i + 1).
Using the following relation t t t a · t t t N +a ∼ e −N/ p , for N 1, (D3) we compute the persistence length p of the polymer chain p ∼ − N ln ( t t t a · t t t N +a )
.
We chose the ratio of the persistence length to the size of the confining cell at a value greater or equal to 1. This choice makes the filament semi-flexible as well as keeps the size of the confining region finite while with the average number filament segments or degree of polymerization N of the filaments is increasing. We investigate difference scenarios:
• p N > D, we have semi-flexible polymer chain that is subjected to strong effect of the confinement;
• p N ∼ D, we are at the comparable length scale; and 
